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Abstract 



In [P], Perez proved some L 2 inequalities for closed convex hyper- 
surfaces immersed in the Euclidean space M ra+1 , more generally, for 
closed hypersurfaces with non-negative Ricci curvature, immersed in 
an Einstein manifold. In this paper, we discuss the rigidity of these 
inequalities when the ambient manifold is the hyperbolic space 

H n+1 , or the closed hemisphere §If +1 . We also obtain a generalization 
of the Perez's theorem to the hypersurfaces without the hypothesis of 
non-negative Ricci curvature. 

1 Introduction 

In this paper, we suppose E is a smooth connected oriented closed (i.e. com- 
pact and without boundary) hypersurface immersed in an (n-fl)-dimensional 
Riemannian manifold (Af,«jf) with induced metric g. Recall that E is called 
totally umbilical if its second fundamental form A is multiple of its met- 
ric g at every point of E, that is, A = —g on S. Here, A is denned by 

A(X,Y) = — /Vx^iA, where v denotes the outward unit normal to E, 

X, Y e TE, V denote the Levi-Civita connection of (M,g). H = trA de- 
notes the mean curvature of E, which is the trace of A. A classical theorem 
in differential geometry states that a closed totally umbilical surface in the 
Euclidean space IR 3 must be a round sphere S 2 and its second fundamental 
form A is a constant multiple of its metric g. This theorem also holds for 
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higher dimensional cases. There are various generalizations of this theorem 
(for instance, cf. a survey [R]). 

In 2005, De Lellis and Miiller |dLT| considered a stability of the above 
theorem and proved that if S C I 3 is a closed connected surface with nor- 
malized area 4-jr, then 

tiA 

||A-Id|U2 (s) < C\\A- — Id|| L 2 (s) , 

where C is a universal constant. 

Recently, D. Perez [P] generalized the inequality of De Lellis and Miiller 
to convex hypersurfaces. He proved that 

Theorem 1.1. (JP$) Let £ be a smooth, closed and connected hypersurface in 
M n+1 ,n > 2, with induced Riemannian g and non-negative Ricci curvature, 
then 

A--Hg 2 < / \A--g\\ 1.1 

n n — 1 ./v n 



L 



'E '* /t — x J E 

and equivalently 



H-Hf<^—I \A--g\\ (1.2) 



s n-lJ E n 

where H = Vo ^ ^ Jy,H . In particular, the above estimate holds for smooth, 
closed hypersurfaces which are the boundary of a convex set in R™ +1 . 

For a closed hypersurface in the Euclidean space M n+1 , it is known that 
Ric > is equivalent to A > (that is, E is convex) (see its proof, for 
instance, in [PJ, Pg.48). So this implies that Theorem 11.11 holds for closed 
convex hypersurfaces. In [F], the author also showed that the constants in 
inequalities (11.11) and (11. 2p are sharp, and that without assumption on non- 
negativity of the Ricci curvature, the inequality cannot hold with a universal 
constant. Moreover, as pointed out by De Lellis and Topping |dLT] . Perez's 
theorem holds even for the closed hypersufaces with non-negative Ricci cur- 
vature when the ambient space is Einstein. Indeed this can be seen by an 
observation on the Codazzi's equation satisfied by hypersurfaces in an Ein- 
stein manifold (more precisely, see equation (12. ip of this paper). Hence a 
slight modification of the proof of Perez [P] gives 
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Theorem 1.2. Let (M n+1 ,g),n > 2, be an Einstein manifold. Let £ be a 
smooth, closed and connected hyper surface immersed in M with non-negative 
Ricci curvature, then 



and equivalently 



A--Hg\ 2 <-^- f \A-*g\\ (1.3) 



H-Hf<^-f \A-*g\\ (1.4) 



where H= ^±_f^H. 

In this paper, we will study the rigidity of Perez's inequalities (Theorem 
Oand Theorem O]). We study what happens if (EEHD and ( TO) , or (fl~3l) 
and ( II. 4p hold as an equality. When the ambient spaces are R n+1 , H n+1 and 
the closed hemisphere S" +1 , we prove that 

Theorem 1.3. Assume M n+1 (c), c = 0, —1, 1, are the Euclidean space M n+1 ; 
the hyperbolic space H n+1 (— 1), and the closed hemisphere §™ +1 (l) ; respec- 
tively. Let £ be a smooth, closed and connected hypersurface immersed in M 
with non-negative Ricci curvature. Then 

!\A--Hg? = —J \A--g\\ (1.5) 
Je n n-lj-z n 



and equivalently 



{H-Hf = —J \A--g\\ (1-6) 
n — 1 /v n 



hold if and only ifT, is a totally umbilical hypersurface, where H = Vo ^ ^ J s H , 
that is, S is a distance sphere S n in M n+1 (c). 

Here a distance sphere S n in a complete Riemannian manifold M n+1 is 
defined as the set of points in M which have the same distance from a fixed 
point in (M,g). It is known that a closed totally umbilical hypersurface in 
a space form is a distance sphere (especially, a distance sphere in R n+1 is a 
round sphere) and its second fundamental form A is a constant multiple of 
its metric. Theorem 11.31 discuss rigidity of the above known fact. 
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If the ambient manifold M is any Einstein manifold, we cannot expect the 
equalities like (II. 5p and (II. 6p hold for a closed totally umbilical hypersurface 

n+l 

in M. For instance, the complex projection space CP 2 has no closed totally 
umbilical hypersurfaces. On the other hand, the constants in Theorem 11.21 
are also sharp when the ambient Einstein manifold is a space form besides 
]R n+1 , which was proved by A. Juarez [J]. 

We further study the general case in which the hypersurfaces has no 
assumption on its Ricci curvature. In this case, although an inequality with 
universal constant cannot hold as demonstrated in [P], we may still obtain 
quantitative L 2 inequalities and discuss the rigidity of these inequalities. 
Precisely, we prove that 

Theorem 1.4. Let (M n+l ,g),n > 2, be an Einstein manifold. Let £ be 
a smooth, connected and closed hypersurface immersed in M with induced 
metric g. Then 

A - -g\ 2 < 1 + - / A - -g\\ (1.7) 

n n — 1 t)i n 

and equivalently 

[(H-W<^(1 + -) [\A--9f, (1.8) 

where rji is the first nonzero eigenvalue of the Laplacian operator on S ; K > 
is a nonnegative constant such that the Ricci curvature of S satisfies Ric > 
-K. 

Moreover, when M n+l is the Euclidean space R n+1 , the hyperbolic space 
H n+1 (— 1), or the closed hemisphere §™ +1 (l) ; the equality in U.7\) (or equiv- 
alently U.8\) ) holds if and only if J] is a totally umbilical hypersurface, that 
is, S is a distance sphere S n in M n+1 . 

Note that take K = in Theorem II. 4} we obtain Theorem 11.21 and Theo- 
rem 11.31 Hence Theorem 11.41 generalizes Theorem 11.21 and Theorem 11.31 We 
take the method used in [P] to prove inequalities (11.71) and (jl.8p in Theorem 
11.41 On proof of Theorem 11.31 and the case of equalities in Theorem ll.4[ the 
methods used in [dLTj and |GWXj could not be applied. However we can 
use the submanifold theory to prove them. 

It is worth mentioning that there is a similar phenomenon in Riemannian 
geometry. The classical Schur lemma states that the scalar curvature of 
an Einstein manifold of dimension n > 3 must be constant. In |dLT] . De 
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Lellis and Topping discussed the stability and rigidity of this assertion and 
proved an almost-Schur lemma. Recently, the first author of the present 
paper |C1] generalized the almost-Schur lemma to the case in which the 
Ricci curvature has no non-negative lower bound and in |C2] obtained a 
generalization of almost-Schur lemma for symmetric (2, 0)-tensors and made 
some applications. 



2 Proof of theorems 

Throughout the paper, we use the same notation to denote a symmetric 
(2, 0)-tensor and its corresponding (1, l)-tensor. For example, Ric denotes the 
symmetric (2, 0) Ricci tensor of X and its corresponding (1, 1) Ricci tensor. 

Proof of Theorem \1.4\ Take a local orthonormal frame {e^}, 1 < i < n, 
on E, which can be extended to a local orthonormal frame {e^}, 1 < i < n+1 
on M, where e n+ \ = v. hij = A(ei,ej), 1 < i,j < n. The Codazzi equations 
are 

hij,k hik,j Rn+lijki 1 — ji k — ^ 

where R denotes the Riemannian curvature tensor on (M,g). 

Take j = i in the Codazzi equations and take the sum of the index i from 
1 to n. Then 

n n n n 

Hk — ^ ha^k = ^ hik t i + ^ ] Rn+Uik = ^ ^ hik/i + i? n +lfc. 
i=l i=l i=l i=l 

Since M is Einstein, R n+ ik = ~g n +ik = 0. We have 

VH = divA, (2.1) 

n n 

where divA = ^(V ei A)(ej, e k ) = ^ h ik>i e k . 
i=i i=i 
Denote by A = A — — g the traceless tensor of A. Then 

divA = divA — div( — g) = divA — — — . 

n n 

So by (J2HJ, 

VH = — ^— divA. (2.2) 

71—1 
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Let (ft be the unique solution of the Poisson equation on E: 

A(j) = H-H, [ <f> = 0. (2.3) 



If = Constant on E, inequality ( 11.81) obviously holds. So now we suppose 
<p is not identically zero on E. We have 



\H-H\ 



(H-H)A(f) 



(V#,V0> 



n 
n 



n 



< 



n — I <divA,V0> 
t / e (A,W> 

|A| 2 
|A| 2 



n — 1 
n 



V 2 0--(A0)^p 
n 



72 J,|2 



r / ( A # 



(2.4) 



Applying the Bochner formula to <fi , integrating, and applying the Stokes' 
formula, we have 

/ |V 2 0| 2 = I (A0) 2 - / Ric(V0,V0). (2.5) 



By (|23j) and (|2T5)I . we have 
n 



\H-EY < 



n — 1 

Since Ric > -(n - 1)K, K > 



71 — 1 



n 



(A0) 2 - / Ric(V<£,V0) 



(2.6) 



Ric(V0, V0) > -{n - l)K / |V0| 2 . 

E 



\H-H\ 2 < 



n 



n — 1 



|A| : 



n — l 



(Acf)) 2 + (n-l)K\V(f>\' 



n 



n — 1 



(A0) 2 + nK|V0p 



(2.7) 
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Let 771 denote the first nonzero eigenvalue of the Laplace operator on E, i.e., 
771 = inf{ ^ M J V ^ ; e C°°{M) is not identically zero and / <p = 0}. 



We have 



So 



|V0p 



<f>(H-H) 



< 



< 



[H-Hf 



(H - Hf 



W<- {H-Hf. 
s »7i 



Substitute (j23D and ([23]) into $277]). We obtain 



(2.8) 



(2.9) 



\H-H\ 



< 



n 



n — 1 



n — 1 



n 



n — 1 



" -/s 



(n-l)K 



'/1 



1 + — ) (H-H) 



So we obtain inequality (11 .8p : 



" 1 + —)/ |A| 2 



H-H\ 2 < 
s n - 1 771 Vs 



(H - #) 2 

(2.10) 



By CLi§ and the identity: |A - ^g\ 2 = \A - f #| 2 - ±(# - H) 2 , we obtain 
(Q: 



n 



1 + -) / |A--<?| 2 . 



Now we prove the conclusion about the equalities in (I1.7P and (II. 8p . 
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Assume the ambient manifold M is the Euclidean space M n+1 , the hyper- 
bolic space H n+1 (-1), or the closed hemisphere Firstly, suppose 2j 
is totally umbilical, that is, A = —g. Then the right side of (11.71) vanishes 
and the equality holds. Secondly, suppose the equality in flUTJ) holds. Thus 
the equality in (jl.8p also holds. We discuss two cases: constant K = and 
K > separately. 

Case 1. When K = 0, by the proof of (ll.7j) . it is holds that, on E, 

(i) Ric(V0, V0) = and 

(ii) A and V 2 <^> — ^(A(j))g are linearly dependent. 

If A = on S, E is totally umbilical. If V 2 </> - ^(A0)# = on E, by 
(gaD , # = # on E. Since the equality in flUB) holds, A = f # on E. So E 
is totally umbilical. If both A and V 2 — ^(A(f))g are not identically zero on 
E, then by (ii), there exists a nonzero constant /i ^ such that, on E, 

fik = V 2 0- -(A(j))g. (2.11) 
n 

Fix a point o G M. Since E is closed, there is a point p G E such 
that jo realizes the maximum d of the extrinsic distances between a point in 
E and o in the metric g of M. Let B^o) denote the closed geodesic ball 
of M with the radius d centered at o. Then E is contained in Bd{o). Since 
M n+l (c) = R n+1 , H n+1 , §" +1 , the distance sphere S d (o) = dB d {o) is a smooth 
closed hypersurface and tangent to E at p. By the Gauss equation, we have 

Ric — (n— l)cg + HA — A 2 . (2.12) 

We may choose ej, 1 < i < n, such that they are the orthonormal eigenvectors 
of A at p with = A^ej, 1 < i < n. Here we still use A to denote the shape 
operator of E: TE TE, defined by = F). Then 

Ric(ei) = c(n - l)ej + (^J A^A^ej = [c(n - 1) + (Jj ^)Aj]ej = r^, 

where Tj = c(?t, — 1) + (^^Aj)Aj,l < i < n. This says at p, are the 

orthonormal eigenvectors of Ricci tensor, corresponding to the eigenvalues 
Tj. Now we claim that the Ricci tensor Ric of E is positive definite at p. 

Recall that the principle curvatures of a hypersurface are the eigenvalues 
of its shape operator A. It is known that under the above notations, at p, 
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the principal curvatures Aj of E are no less than the principal curvatures rj 
of Sd(o) when M is as above. For completeness of proof, we give the proof 
of this conclusion here. 

Fix i, 1 < i < n. Let 7(5) : (— e, e) — > S be a smooth curve with the 
arc-length parameter, satisfying 7(0) = p, V(0) = e,. Take = r(7(s)), 
where r denotes the extrinsic distance function from the point o. We have 
h(Q) = r(p) = max Hence ft'(O) = 0, /i"(0) < 0. Note 

s€(-«,e) 

//(*) = ( Vr, 7') (s), 

h"(0) = (Vy {0 )Vr,y(0)} + (Vr, V y(0 )7') (0) 

= Hessr( 7 '(0), 7 '(0)) + (u, Vy^jV) (0) 
= Hessr(ei, e») - A(ej, a) = rj - \ < 0. 

Thus we have proved the conclusion mentioned above. 

If M = R n+l , then 77 = \. So A, > rj > and hence r< > (n 

If M = HP +1 (— 1), it is known the principle curvature rj 
Then at p, Aj > 77 > 1 and 

r i = -(n-l) + (^A i )A i >0. 

If M = the principle curvature 77 = cot d > 0. Then at p, 

Ai > 77 > and 

r, = (n-l) + (^A,)A J >0. 

This means that the Ricci tensor of S is positive definite at p. We have 
proved the claim. 

Then there exists a neighborhood N e (p) of p in £ such that the Ricci 
tensor of S is positive-definite on N e (p). Note (i) Ric(V0, V</>) = 0. It must 
hold that = on N e (p). By this and the definition of <p, we have <fi = C 
and iJ = H on 2V 6 (p). By (12~TTT) . A = f 5- = f 5 on N e (j>). By continuity, 
on the closed neighborhood N e (p), A = —g. Hence by (I2.12p . Ric = (n — 

l)cg + ^-g — ^2-g 2 on N e (p), which says that on N e (p), the Ricci tensor is a 
constant tensor and thus is positive definite. 



> at 
= cothd > 1. 
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By the same argument as above, we may have a neighborhood of every 
point on the boundary dN e (p) of N t (p) such that A = —g. Let D be the 

connected subset of E such that p E D and A — — g. From the above 
argument, D is both open and closed. Since £ is connected, D = £ and thus 
£ is totally umbilical. 

Case 2. When K > 0, we have that, on E, 

(I) (Ric + (n-l)^)(V0,V0) = O, 

(II) A and V 2 (/> — -(A(j))g are linearly dependent, 

(III) and H — H are linearly dependent, and 

(IV) J S (|V0| 2 - ??1 2 ) = O. 

Like the proof in Case 1, M is obviously totally umbilical if A = ou 
V 2 </> — ^(A0)g = 0. We now consider that both A and V 2 </> — ^(A(f))g are 
not identically zero on E, then by (II), there exists a nonzero constant ^ 
such that 

//A = V 2 0- -(A(f))g. (2.13) 

n 

Take points o and p as in Case 1. Observe that the positivity of Ricci 
curvature on the neighborhood N e (p) of p and K > still implies V</> = 
on N e (p). Similar to case 1, we may prove that E is totally umbilical. 

We complete the proof of the theorem. □ 
Theorem 11.31 is obtained by taking K = in Theorem 11.41 

References 

[Cl] X. Cheng, A generalization of almost Schur lemma for closed Rieman- 
nian manifolds, Ann. Glob. Anal, and Geom, 2012, (online). 

[C2] X. Cheng, An almost-Schur type lemma for symmetric (2, 0) tensors 
and applications, 2012, preprint. 

[dLT] C. De Lellis and S. Midler, Optimal rigidity estimates for nearly um- 
bilical surfaces, J. Differential Geom. 69 (2005) 75-110. 



10 



[dLT] C. De Lellis and P. Topping, Almost -Schur Lemma, Calc. Var. and 
PDE, 43 (2012) 347-354: la?Xiv:1003.3527V 2 [math.DG] 7 May 2011. 



[GWX] Y. Ge, G. Wang and Chao Xia, On problems related to an inequality 
of De Lellis and Topping (preprint), 2011. 

[J] A. V. Juarez, thesis, UFF, in preparation. 

[P] D. Perez, On nearly umbilical hyper surf aces, thesis, 2011. 

[R] Y.G. Reshetnyak, Stability theorems in geometry and analysis, Math- 
ematics and its Applications, 304, Kluwer Academic Publishers 
Group, Dordrecht, 1994, MR 1326375, Zbl 0848.30013. 



Xu Cheng 

Insitituto de Matematica 
Universidade Federal Fluminense - UFF 
Centro, Niteroi, RJ 24020-140 Brazil 
e-mail:xcheng@impa.br 

Detang Zhou 

Insitituto de Matematica 

Universidade Federal Fluminense - UFF 

Centro, Niteroi, RJ 24020-140 Brazil 

e-mail: zhou@impa.br 



11 



